The purpose of this paper is to apply a mathematical model, structured in classes, to estimate projections for the number of students for the Polytechnic Institute of Guarda (IPG) and its four schools for the period 2017-2022, based on the historical data from the period 2000-2016. The model has an internal dynamic that represents the fl ow of students who move from one to the next academic year, and an external dynamic that describes the fl ow of students who enter or leave the institution. Using the historical evolution in the period 2000-2016, three different scenarios are presented in order to quantify the number of students who will enrol in each school and in the IPG as a whole. We concluded that it is scenario 3 that presents higher enrolled students, projecting a continuous growth in the period under analysis. On the other hand, scenario 1 presents a small decrease in the number of students.
Introduction
Portuguese higher education lived, especially in the 1980s and 1990s, a period of great growth regarding the number of students, the number of teachers and the number of higher education institutions. This growth resulted mainly from the expansion of public polytechnic education, private universities and new public universities.
In the period from 1991 to 2002, a little more than a decade, the global number of young people attending this level of education went from 190 thousand students to close to 400 thousand students (Martins, Mauritti, & Costa, 2007) . Despite this growth, in 1996, the number of entries from students in higher education started to decrease, and since 2003, the number of offers was higher than the number of entries, creating a signifi cant proportion of vacant places (vacancies remaining), a situation previously unheard of in the public education Portuguese system (Cabral, 2006) . Contrary to this trend, the decreasing number of students in undergraduate degrees in recent years, there has been an increase in the number and proportion of students in technological specialization courses, post-graduate studies, master's degrees and doctorates.
The Polytechnic Institute of Guarda (IPG) belongs to the national public higher education network located in the central interior region of Portugal, headquartered in the city of Guarda. Being the only public higher education institution in the district, the IPG plays an extremely important role in the process of training young people in the region and is a regional development player (Rei et al., 2013; Natário et al., 2014) .
The IPG integrates the following organic teaching and research units: School of Education, Communication and Sports (ESECD), School of Technology and Management (ESTG), School of Health (ESS) and School of Tourism and Hospitality (ESTH) with different training offers. Currently, the IPG's training offer includes undergraduate courses, second cycle courses, master's degrees (all adapted to Bologna) and the Professional Technical Higher Courses (CTESP).
The IPG followed the trends of growth and decline of public higher education throughout its existence, as we will verify. The reduction in the number of students in higher education system is mainly due to two factors: one, the demographic factor resulting from the decrease in the birth rate that has taken place in the Population projections have also been increasingly used by government entities to draw better solutions in order to deal with the development of economic, social, political and environmental issues in various countries. In this context, the governmental organizations and businesses also need a continuous use of reliable stage structured, or compartmental, models to project social security and education outlays, immigration policy, tax recipients, and so on (New York Department of City Planning, 2006) .
When dealing with the elaboration of the projections of the resident population, the cohort-component method is very often used. This method allows the elaboration of different scenarios of demographic evolution based on different evolutions of the components like fertility, mortality and migrations (Instituto Nacional de Estatística, 2009; New York Department of City Planning, 2006; Smith, 1986) .
The growth of a population with age structure can be projected using matrix algebra. This is the case with models using Leslie matrices, a discrete time dynamical system, named after Leslie and his pioneering work designed to describe the growth of a population through its age distribution (Leslie, 1945) . These Leslie matrices contain information on birth rates and mortality rates of different age groups of population and are a solid way of calculating population growth and projecting population to different scenarios.
Also, in the scope of this article, is the population theory that is a classic model developed by Levins (1969) and applied to the area of population ecology and conservation biology, which considers the dynamics of a set of local populations connected by the migration of individuals. Since then, several changes have occurred in these metapopulation models, with the introduction of new variables and new areas of application that transformed them into more realistic models, such as those used by Silva and Pereira (2010) , that studied the connection between locations, considering firstly the local dynamics and secondly the migratory aspects, and Pereira, Rosa, and Silva (2011) , that studied a metapopulation model that considered two migration scales (national migration and international migration).
Lately, the interest in the application of these models to the educational area has grown. Following this line of study, a dynamic model of a network of educational institutions connected by the transfer of students between schools was developed (Pereira et al., 2014) . These authors aimed to describe both the student success in a school with different levels of study, and the cycles, each of which composed of a distinct number of grades or cycle years as well as the migration process or the movement of students among a network of schools. The global dynamics of this model are considered in two parts: the local, where the evolution for each grade in a cycle is accounted for, and the metapopulation or the movement of students between schools. Considering only last decades, and consequently, a continuous reduction in the number of students attending secondary education (a tendency to persist in the next years); the second, the still small percentage of students finishing secondary education and applying to higher education studies.
Thus, considering these observations, it is intended in this paper to make predictions of the number of students for the next five years (2017/2018-2021/2022) for the IPG and for their schools based on the application of a mathematical model of metapopulations (Pereira, Silva, & Rosa, 2014) . In the case of the IPG, the study is innovative in the sense that no projections have been made for this institution in the period considered.
This paper is structured in five sections. In section 1, we present an Introduction. In section 2, we present a brief literature review about the projection models. In section 3, the dynamic model for the study of the evolution of the number of students in a teaching institution is presented. The model has an internal dynamic that represents the flow of students who transit from one academic year to the next, and an external dynamic, which describes the movement of students that enter or leave the institution. In section 4, we will point out the results of the model, we will study the evolution of the number of students in IPG, per school and curricular year, and based on this evolution, using historic data, we will make projection scenarios for the next coming years. Finally, in section 5, we present the concluding remarks.
Literature review
The use of projection models is very important in today's society and happens (it is applied to) in several large areas of knowledge, namely in biology, ecology and demography, with the aim of predicting what may happen in the future in terms of the evolution of certain populations, in order to anticipate problems and propose solutions. Population biologists, demographers and ecologists use accurate models to provide predictions of population densities and how they distribute among various levels of stratification (Allman & Rhodes, 2004; Hallam & Levin, 1986; Levin, Hallam, & Gross, 1989) .
With the projections of the population, it is possible to know and understand the population dynamics and the factors that can influence it. In addition, relevant information on future developments of populations at various levels can be obtained. This knowledge is essential in social, economic and environmental decision-making processes. This is the case, for example, in the planning of the needs and in the location of the educational offer as well as public expenditure, in particular, those related to certain classes of the population, also providing basic information for other non-population projections (Instituto Nacional de Estatística, 2009 ). student population of a cycle in approved and fl unked. This is represented by two vectors:
in which the components and in which the components are respectively the number of approved and the number of fl unked in each cycle years in the end of the academic year t .
The students who are approved in the last year of a cycle are those who fi nish the cycle, so they are considered in the second stage. If it is the last year of the last cycle, the student ends this study cycles. The number of students approved in the next year The components
are the sum of fl unked with the approved in the year t .
In the second stage, we consider the recruiting of new students for the fi rst year and the students who enter or leave for another reasons (this includes those who return to the studies and the dropout students). Again, we consider two vectors: and , to represent respectively the students who leave the school in the year t and the students who enter the school in the year 1 + t . This second stage is given by the vector .
We join these two stages and we obtain the equation for the student population in the year
In order to make simulations of the model, we need an algorithm to implement in a computer program. An the local dynamics, this has two stages: the fi rst represents the evolution of the students in a study cycle and the second represents the transition for the next cycle. Rosa and Pereira (2017) applied this model structured in classes for the study of the infl uence of population ageing in the evolution of the number of students in elementary school and in secondary school in Portugal. Based on historical data, some scenarios of projection are presented, with the aim of quantifying the young student population and its relation with the structure of the population age in the school years from 2016/2017 to 2020/2021 in Portugal. A comparative analysis with the offi cial results presented in Castro, Duarte, Nóvoas and Martins (2014) , where they applied the forecasting model proposed in Castro, Duarte, Nóvoas and Martins (2013) , was also performed.
Nowadays, every higher education institution faces the problem challenge of predicting their number of students in every level. The prediction is crucial, for instance, to decide the number of courses to be offered and the number of professors required.
Thus, studies with applications of projection models for the student population in Higher Education Institutions have recently appeared. For example, Rakhimov and Kankarej (2015) created a quantitative forecasting model to study the dynamics of the student population entering the University College in Zayed University and to make the projection of the number of students enrolled in General Education; and Duarte and Márquez (2016) present a mathematical model of the fl ow of students enrolled in a college program through the curriculum. Based in historical data, they estimate the number of students in every level, the number of graduates and graduation duration of a specifi c program or a set of programs in the School of Engineering of the National University of Columbia.
Model
We use a simplifi ed version of the model developed in Pereira et al. (2014) and Rosa and Pereira (2017) . This model considers two dynamics, one for the movement of students in a study cycle and another for the transfers between the schools. Here, we need to consider only the fi rst dynamics, considering that a student change to another school is not relevant in this study. The population of students is represented by a vector of size s , where each element
is the student population in the s i , , 1  = year of the study cycle. The change of the student population, that is, the dynamics, is considered in two stages. First, we divide the of IPG per academic year and the scenario projections for the number of students for IPG per academic year and curricular year. Also, it must be noted that in 2006/2007, 2007/2008 and 2009/2010 , there was a reversal in this trend as we can observe an increase in the number of students. We believe that this is due to the Bologna process and the return to school of many students to fi nish their graduations.
Evolution
When developing an analysis by School, it is noted that in the ESECD, there was a decrease in the number of students The implementation of the model is done by the next algorithm, which gives us the projections for a period of n years, starting in the year t (Pereira et al., 2014) .
where m T , m E , m D and m S are diagonal matrices, which elements are the means of students which were approved, join the school, fi nish their studies and leave the school, respectively, for each academic year, during the period.
Results
The historical data used for the different analyses that will be presented below were, whenever possible, collected at the General Direction of Statistics of the Ministry of Education and Science in Portugal (Direção Geral de Estatísticas da Educação e Ciência -DGEEC). The historical data that were not available at DGEEC were collected at the IPG secretariats. It should also be noted that regarding dropouts (students that leave the institution IPG), the students that have formalized this intention and the students who simply did not enrol were considered. Subsection 4.1 shows the evolution of the number of students in each of the Schools that integrate the IPG in the period from 2000/2001 to 2016/2017. At this moment, we still do not have offi cial numbers (in DGEEC database) of the number of enrolled students for the academic year 2017/2018. We studied the evolution of the number of enrolled students, the number of the enrolled students in the fi rst year for the fi rst time, and the number of the dropouts and graduated students in IPG and its Schools.
In subsection 4.2, we present the projection scenarios for the fi ve-year period (from 2017/2018 to 2021/2022), per academic year and curricular year. The simulations were done using MATLAB applying the algorithm of the model (equation 1). We present the projection scenarios for the four Schools Figure 1 . Evolution of the number of students enrolled in IPG and its Schools (2000 Schools ( /2001 Schools ( to 2016 Schools ( /2017 to the 200 entries has already taken place 6 years ago, with a little expectation of the years that will follow.
The ESS is still below the line of 175 entries but with the prospects of breaking this barrier with the creation of Masters in the areas of health and the CTESP. With respect to the ESTG, infl ows resumed losses after the 'bang' achieved by the emergence of CETs, the greater visibility of entries from a special access level (students over 23 years old) and, to a lesser extent, the diffi cult creation of masters. Perhaps 2007/2008 is shaping 1997/1998: a peak followed by a sharp decline in the following years (Rei et al., 2013) . However, 2014/2015 was also a year of peak with the number of student arrivals approaching 500.
Perhaps the IPG's most well-known output, and with no doubt what best suits its purposes, are its graduates. There is a peak in 2007/2008, as a result of the Bologna process and the return to the IPG of many students to upgrade their Bachelor's degree.
There was some oscillation between 500 and 1000 in the graduated during the period under analysis, with some critical situations: in 2008/2009 (beginning of the world crisis), we reached a peak in this number. From that year on, we are assisting a decrease in the graduated numbers, despite the little hope seen in 2015/2016. In 2016/2017, the number of graduated dropped to numbers bellow 500. More diffi cult to understand are the increasing dropout numbers. In 2016/2017, dropouts were higher than graduations.
Projections of the number of students in the IPG (2017/2018-2021/2022)
The projections will be made for each IPG School, by school and curricular year (Table 1 and Figure 3) . The graphs were elaborated in MATLAB using the model developed in the section 3. The projection scenarios result from the application of the algorithm (equation 1) and consider the historical data (from 2000/2001 to 2016/2017) referring to the ratios of students approved, disapproved, entries and school leavers in each school year.
In this way, the following scenarios were obtained: -Scenario 1 (red) considers the average values for the evolution period of the last fi ve years (2011/2012-2016/2017 ). -Scenario 2 (green) considers the average values for the evolution period of the last ten years. (2006/2007-2016/2017 ). -Scenario 3 (blue) considers the average values for the evolution period of the last fi fteen years. (2000/2001-2016/2017) . Table 1 shows the total values of the number of students for the three projection scenarios for Schools of IPG (ESECD, ESTG, ESS and ESTH) for the next fi ve years (2017/2018-2021/2022) .
These data do not compare with national reality. In fact, the demographic factors resulting from the decrease in the birth rate that has taken place in the last decades in Portugal seems not to be refl ected in the global number of students who are higher education candidates and in the number of students attending higher education. Yet, in the particular case of the IPG, another important factor related to the decrease in students is the incessant desertifi cation of the interior and the fi erce competition in attracting students between higher education institutions, especially those belonging to different subsystems of higher education, the polytechnic and the university, a direct consequence of the way higher education is fi nanced in Portugal. It should also be noted that the different conditions of access to higher education, practiced by the different institutions in similar courses, infl uence the evolution of the number of students. A fl uctuation can also be noted around the 100 entries in the ESTH in the last 10 years, with a tendency for a slight increase. As for the ESECD, the transition from the 400 entries Figure 2 . Evolution of the number of students enrolled in the 1st year for the fi rst time, dropouts and graduated in IPG and its Schools (2000 Schools ( /2001 Schools ( -2016 Schools ( /2017 to 2021/2022 resulting from the sum of the values obtained for the projections for each of the schools presented in Table  1 . Figure 3 shows four curricular years because the period studied in the previous section (2000/2001 and 2016/2017) contemplates the education system prior to the Bologna process (four-year degrees) and post-Bologna process (three-year degrees).
Analysing the results of Figure 3 , we can see the importance of fi rst year entries for the projections. The results of the different scenarios are more dispersed in the fi rst and third curricular years than in the other curricular years, and the fi rst curricular year has more students.
In scenario 3 (blue), the evolutionary period of the last 15 years (2000/2001-2016/2017) 
was considered, in which there
Analysing the results of Table 1 , two negative scenarios are predicted for the School ESECD if nothing is done to reverse the trend. In the worst case (scenario 1), the ESECD in 2020/2021, will have a loss of about 2% over the year 2016/2017. In the best scenario (scenario 3), it is expected that the ESECD will keep the number of students for the period under analysis. Scenario 2 is not also favourable to the ESECD, which registers a consecutive decrease in the number of students by 2021/2022.
For the School ESTG, we can conclude that two scenarios are positive for this School. If the best scenario (scenario 3) happens, the number of students will increase (about 11%) in 2021/2022 and the school will have approximately 1340 students. Even in the worst case (scenario 1), the number of students for ESTG is expected to decline only about 1% for the period under review, to around 1050 students.
For the School ESS, in the best scenario (scenario 3), in 2021/2022, the school will have an increase in the number of students (about 40%) and will exceed 800 students. Scenario 2 is also positive but with more modest results.
For the School ESTH, we have two positive scenarios (scenario 2 and scenario 3) and one negative scenario (scenario 1). In the best scenario (scenario 3), ESTH is expected to see an increase in the number of students (around 12%), and in 2021/2022, it will exceed 370 students. Scenario 2 shows an improvement until 2019/2020 and then begins to decline to the current numbers. In the worst case (scenario 1), ESTH is expected to register a steady loss of students (about 21%), with only approximately 240 students in 2021/2022. Figure 3 shows the three scenarios of projection for the total of IPG, by curricular year, in the period from 2017/2018 Figure 3. Scenario projections for the number of students for IPG by curricular year (2017/2018-2021/2022) This tendency does not follow the national reality. The reduction in the number of students who are candidates for higher education in IPG is mainly due to the demographic factors namely the decrease in the birth rate that has taken place in the last decades.
In addition, other important factors related to the decrease in the number of students is their geographic localization associated with the incessant desertification of the interior and the competition between higher education institutions to attract students.
From the projections made, it is concluded that it is scenario 3, which presents better results, projecting a continuous growth in the period under analysis. Scenario 2, although positive, is less encouraging than scenario 3. Scenario 1 is a pessimistic scenario in that there is a global decrease in the number of students, however small.
The model can be adapted to other institutions, not exclusively education institutions, where the population can be divided into distinct groups and its internal dynamics be described by the transition of the elements between the different groups. This grouping can also be structured by other characteristics beyond the school year.
The projections presented in this paper are an important working tool to plan the next school years, especially regarding human and financial resources.
The ground where these projection models are applied is now becoming more complex and interesting. In addition to the classical historical data from national databases we are dealing with more uncertainty: the recent increase in the number of international students enrolled in IPG with a tendency to increase in the future, the emergence of new courses or new educational and economic policies. So, as future work, we can refer to the application of the classical models to the study of predictions of the number of students of other schools, by course, either in higher education, or in primary and secondary education in Portugal at regional and sub-regional levels, but also the emergence of models dealing with these more complex variables.
was a decrease in the number of students in the IPG, except for a few years of slight recovery. It should be noted that this scenario contemplates a broad period, where the historical values include golden times for the IPG, with a number of students above 3500, from which we find projections that point to increasing values in the number of students in all curricular years. This is the scenario more optimistic.
In scenario 2 (green), the evolution period of the last 10 years (2006/2007-2016/2017) was considered, in which there was a decrease in the number of students in the IPG, but less pronounced than in scenario 3, except for years of slight recovery. In this scenario, the projections point globally to values with a slight increase in the number of students in comparison with scenario 3. These projections do not follow the same trend in all curricular years, since in the first year, the trend is decreasing followed by a slight rise in the 2nd year. This scenario, although positive compared to the previous one, is moderately optimistic.
In scenario 1 (red), the evolution period of the last 5 years (2011/2012-2016/2017 ) was considered, where, on the one hand, the lowest number of students since 1993/1994 was observed in the IPG and, on the other hand, to a period of stabilization of the number of students. The projections point to a small decrease in the number of students, but it is consistent with the historical values that served as the basis for the projections of this scenario, corresponding to a period of stabilization. However, in the first and second year curricular, the trend is of decrease (more accentuated in the first year) and in the third year of a slight growth. This is the most pessimistic scenario in all the curricular years over the period under review.
Conclusions
In this paper, a mathematical model was developed to study the evolution of the students in a higher educational institution. The advantage of structuring the model in school years is to allow the study of the population of a given year independent of the rest. The implementation of the model, and consequently, its application to the student population of the IPG allowed the construction of different simulation scenarios for future projections.
With regard to the evolution of the number of students enrolled in the IPG in the period 2000/2001-2016/2017 , there was a decrease between 2000/2001 and 2012/2013, as from this date, there is a slight stabilization/resumption of enrolment. This behaviour is a reflection of what happened in the two largest schools of the IPG, namely ESTG and ESECD. In fact, doing an analysis by School, the downward trend occurred in the larger ones, the ESECD and ESTG.
